Abstract. The present paper deals with the introduction of new experimental designs namely "Sudoku Designs". The construction, analysis and application of sudoku designs are also discussed. The entire above is explained with the help of numerical examples.
Introduction
Millions of people in Japan, Great Britain, and elsewhere around the world are finding that a day isn't complete without tackling the latest edition of a simple puzzle called sudoku.
The puzzle typically consists of a nine-by-nine grid. Some of the spaces contain numbers; most of the spaces are blank. Your goal is to fill in the blanks with digits from 1 to 9 so that each row, each column, and each of the nine three-by-three blocks making up the grid contains just one of each of the nine digits
The rules are simple. The puzzles can be very challenging -and highly addictive.
The name "Sudoku" is the Japanese abbreviation of a longer phrase, "Sūji wa dokushin ni kagiru", meaning "the digits must occur only once". It is a trademark of puzzle publisher Nikoli Co. Ltd. in Japan. Other Japanese publishers refer to the puzzle as Number Place, the original U.S. title, or as "Nanpure" for short. Some non-Japanese publishers spell the title as "Su Doku".
The numerals in Sudoku puzzles are used for convenience; arithmetic relationships between numerals are irrelevant. Any set of distinct symbols will do; letters, shapes, or colours may be used without altering the rules. Dell Magazines, the puzzle's originator, has been using numerals for Number Place in its magazines since they first published it in 1979.
The attraction of the puzzle is that the rules are simple, yet the line of reasoning required to solve the puzzle may be complex. The level of difficulty can be selected to suit the audience. The puzzles are often available free from published sources and may be custom-made using software.
Even though the 9 × 9 grid with 3 × 3 regions is by far the most common, variations abound: sample puzzles can be 4 × 4 grids with 2 × 2 regions; 5 × 5 grids with pentomino regions have been published under the name Logi-5; the World Puzzle Championship has previously featured a 6 × 6 grid with 2 × 3 regions and a 7 × 7 grid with six heptomino regions and a disjoint region. Larger grids are also possible, with Daily SuDoku's 16 × 16-grid Monster SuDoku, the Times likewise offers a 12 × 12-grid Dodeka sudoku with 12 regions each being 4 × 3, Dell regularly publishes 16 × 16 Number Place Challenger puzzles (the 16 × 16 variant often uses 1 through G rather than the 0 through F used in hexadecimal), and Nikoli offers 25 × 25 Sudoku the Giant behemoths. Even larger sizes, for instance 100×100, have been claimed.
It's basically a logic puzzle; there's no math involved in solving it. The digits could just as easily be nine different letters, shapes, or colours. There is mathematics and computer science, however, in analyzing the puzzles and creating efficient computer programs for generating and solving them.
A sudoku grid is a special case of a mathematical object called a Latin square. A Latin square consists of n sets of numbers from 1 to n arranged in a square pattern so that no row or column contains the same number twice. There are two Latin squares of order two (n = 2), 12 of order three, 576 of order four and 5524751496156892842531225600 of order 9.
Latin squares go back to at least medieval times. Leonhard Euler (1707-1783) was the first mathematician to study them systematically. He introduced a particular type of Latin square (a Graeco-Roman square) as a new kind of "magic square."
As in sudoku, the rows and columns of a Latin square don't have to be filled with numbers. Any set of n different symbols will do. The additional constraint that a standard nine-by-nine sudoku puzzle, which has three-by-three blocks that also contain each of the nine digits, reduces the enormous number of possible nine-by-nine Latin squares to a smaller but still-humungous number: 6670903752021072936960.
See http://www.sudoku.com/forums/viewtopic.php?t=44&start=138 for a discussion on how Bertram Felgenhauer of Dresden, Germany, obtained this number, which represents how many unique, one-solution puzzles can be produced. Given all those possibilities, there'll certainly be no shortage of material to feed sudoku addiction.
Depending on the number of clues and the size of the grid, sudoku puzzles can be extremely difficult to solve. Takayuki Yato and Takahiro Seta of the University of Tokyo have proved that solving n-by-n sudoku puzzles in general belongs to a category of computational problems described as NP-complete. An NP problem is one for which it's relatively easy to check whether a given answer is correct but may require an impossibly long time to solve by any direct procedure, especially as n gets larger and larger. Indeed, as the number of elements, n, increases, a computer's solution time grows exponentially in the worst case.
Solving a sudoku puzzle is equivalent to properly "colouring" a particular graph -an array of points (vertices) and lines (edges). In this case, the graph has 81 vertices, one for each cell of the grid. Depending on the puzzle, only certain pairs of vertices are joined by an edge. Given that some vertices have already been assigned a "colour" (chosen from nine possibilities), the problem is to "colour" the remaining vertices so that any two vertices joined by an edge don't have the same "colour." Nonetheless, there are strategies that computer programmers can use to generate puzzles and find solutions relatively quickly for nine-by-nine grids -and even larger ones. For various aspects of sudoku puzzles one may refer to the websites given in the reference.
On the other hand latin squares, F -squares, replicated latin squares, Graeco latin squares etc. are found very useful as statistical designs in statistical applications in the area of agricultural and industrial experiments. Statistical designs are used to collect the statistical data in a systematic way to study the performance of several factors (treatments) simultaneously. It is needless to say that statistical designs are very much useful to separate several sources of variation from the total variation with respect to the influencing factors. Whenever the number of factors to be compared is more than two in any testing of hypotheses problem, one may use analysis of variance (ANOVA) techniques to draw statistical inference. That is, the purpose of ANOVA is to make simultaneous comparison of more than two factors with various other situations. It is to be noted that the experimental designs are used to collect the statistical data and the corresponding ANOVA techniques are used for analyzing the data and to draw a valid statistical inference. For example, if all the experimental units (the factors or treatments are to be administered on them) are homogeneous then one can use the completely randomized designs for the data collection and one-way ANOVA for analyzing the data. In case there is heterogeneity among the experimental units then the experimental units are grouped into several homogeneous sub groups such that the experimental units are homogeneous within the groups and are heterogeneous between the groups. In such situations one has to use the Randomized Block designs for data collection and two-way ANOVA for analyzing the data. Similarly the latin square designs, graeco latin squares designs, replicated latin squares designs are used to separate more sources of variations from the total variation. For a detailed discussion on various concepts like treatments or factors, experimental units, treatment effects, interaction effects, nested factors and their effects etc. one may refer to Cochran and Cox [8] , Hicks [9] and Montgomery [10] and the references cited there in.
As stated earlier the sudoku grids are a special case of latin squares and have some more constraints. Naturally one may be interested to treat the sudoku puzzles or sudoku designs as statistical designs, which will extract more source of variations than the latin square designs do.That is what we are interested in the present study. As a result the Sudoku puzzles are extended as statistical experimental designs. It is to be noted that the sudoku grids with empty cells are called sudoku puzzles whereas the completed sudoku grids are referred as sudoku experimental designs or simply as sudoku designs. 2. Write the m columns obtained in step 1, one by one to get a column of order m 2 as given in Fig. 2 . 3. Column 2 can be obtained from column1 by adding 1 to each of its elements and reduce to mod m 2 if it exceeds the valuem 2 . Proceed in the similar way to complete all the columns. The completed sudoku design of order m 2 is given in Fig. 3 .
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Further one can easily verify that the above three steps lead to construct a completed sudoku grids or sudoku designs of any order sequentially.
Sudoku designs modeling and analysis
In Section 2, we have presented a sequential method of constructing a completed sudoku puzzle or sudoku design of any order. Now by keeping the successive m rows (columns) as blocks one may view the completed sudoku puzzles as a sudoku experimental designs like latin square designs, F-square designs and replicated latin square designs. One of the important properties of any experimental design is the "Randomization Principle". One has to maintain the randomization to achieve unbiased results. The randomness can be achieved by selecting any one of the available completed sudoku grids or constructing the designs by using the sequential method discussed in Section 2 as done normally in the case of latin square designs. Randomly arranging the m 2 numbers, one may 
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get m 2 -factorial distinct arrangements of the numbers, which will lead to m 2 -factorial sudoku designs. Further we interchange the rows or columns within the row blocks or column blocks to get additional sudoku designs, which will ensure the randomness of the treatments. A moderate increase in the value of m will increase enormously the number of distinct sudoku designs. The randomization can be achieved further by arranging and or numbering the treatments or rows or columns etc., at random. By making further assumptions like the row effects are nested within the row block effects; column effects are nested within the column block effects; vertical square effects are nested within the column block effects and horizontal square effects are nested within the row block effects we get four different variants of the sudoku designs which are all given below:
Sudoku designs -Type I
In this model we assume row, column and treatment effects as in the Latin square designs. In addition to these we assume row block, column block and square effects. The sudoku design of order m 2 and its Analysis of Variance (ANOVA) model together with the various assumptions and the ANOVA table are given below: The Sudoku Design of Type -I of order m 2 is given below in Fig. 4 . After a little algebra we have obtained the formulae for various sum of squares and degrees of freedom and formed the Analysis of Variance Table given in Fig. 5 .
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Sudoku designs -Type II
In this model it is assumed that the row effects are nested in the row block effects and the column effects are nested in the column block effects. The Sudoku design of order m 2 and its Analysis of Variance (ANOVA) model together with the various assumptions and the ANOVA table are given below: 
Y ij and N = m
Sudoku designs -Type III
In this model it is assumed that the horizontal square effects are nested in the row block effects and the vertical square effects are nested in the column block effects. The Sudoku design of order m 2 and its Analysis of Variance (ANOVA) model together with the various assumptions and the ANOVA table is given below: The Sudoku Design of order m 2 is given below in Fig. 8 . After a little algebra we have obtained the formulae for various sum of squares and degrees of freedom and formed the Analysis of Variance Table given 
Sudoku designs -Type IV
In this model it is assumed that the row effects and the horizontal square effects are nested in the row block effects and the column effects and the vertical square effects are nested in the column block effects. The Sudoku design of order m 2 and its Analysis of Variance (ANOVA) model together with the various assumptions and the ANOVA table is given below: The Sudoku Design of order m 2 is given below in Fig. 10 . After a little algebra we have obtained the formulae for various sum of squares and degrees of freedom and formed the Analysis of Variance Table given in Fig. 11 . Where
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Example
In this section the analysis of the sudoku designs is explained with the help of numerical examples. For this purpose we have generated hypothetical data and are given below in Table 1 . Further the analysis of variance tables for the four different Sudoku designs discussed above are respectively presented in Tables 2, 3 , 4 and 5.
Application of Sudoku designs
One can easily find applications of Sudoku designs in real life situations. For example consider the following agricultural experiments with the following situations. Suppose we are interested in developing a hybrid seeds or identifying the variety of seeds among several seeds available, which will give better yields. To conduct an experimental study for comparing kvariety of seeds (factors), one must have krhomogeneous plots (experimental units), where ris the number of replications of each variety of seeds. Assume that if we have krhomogeneous plots then we must use the completely randomized design for collecting the statistical data and the one-way ANOVA for analyzing the data. The total variation is split into two pertaining to the error component and to the seeds (factor A). Now let us assume that thekrplots are not homogeneous and further assume that the krplots are grouped into k sub groups of size r such that the plots within each group are homogeneous and between the groups they are heterogeneous. For example, the plots within the group are having the same soil fertility and between the groups are having different soil fertility. The variety of seeds form one factor and the different soil fertilities form another factor, which need the randomized block designs to collect the statistical data and the two-way ANOVA for analyzing the Table. From the above ANOVA Table, it is observed that the F-Ratio of observed values is lesser than the respective expected value obtained from the F-table at 5% level of significance. Hence it is concluded that none of the effect is significant at 5% level of significance.
data. The total variation is split into three pertaining to the error component; due to the seeds (factor A) and due to the soil fertilities (factor B)
Similarly, if we have a set of different fertilizers, in addition to the different variety of seeds and soil fertilities one has to use latin square designs provided the number of seeds, soil fertilities and the fertilizers are the same. The total variation is split into four pertaining to the error component; due to the seeds (factor A); due to the soil fertilities (factor B) and due to the fertilizers (factor C).
Similarly one can use more number of different factors, which are influencing the effects of the main factor (in this case the variety of seeds) one has to use a more advanced statistical designs like graeco latin squares designs, replicated latin squares designs etc. Suppose one wants to compare the performance or effects of different variety of seeds by incorporating different levels of water quality; different methods of cultivation; different types of natural fertilizers; different types of artificial fertilizers; and different types of soil fertilities; the existing statistical designs mentioned above are not useful. However one can use the proposed sudoku designs by studying the effects of different variety of seeds by incorporating all the factors given above as explained below:
Consider the variety of Seeds as different Treatments; different levels of Water Quality as Row Blocks; different Table. From the above ANOVA Table, it is observed that the F-Ratio of observed values is lesser than the respective expected value obtained from the F-table at 5% level of significance. Hence it is concluded that none of the effect is significant at 5% level of significance. Table, it is observed that the F-Ratio of observed values is lesser than the respective expected value obtained from the F-table at 5% level of significance. Hence it is concluded that none of the effect is significant at 5% level of significance. Table. From the above ANOVA Table, it is observed that the F-Ratio of observed values is lesser than the respective expected value obtained from the F-table at 5% level of significance. Hence it is concluded that none of the effect is significant at 5% level of significance. methods of cultivation as Column Blocks; different type of fertilizers (Artificial) as Rows; different type of fertilizers (Natural) as different Columns; different levels of Soil Fertility as different Squares. Different variants of the sudoku designs and their statistical models together with the analysis are given earlier. Similarly one can look for applications of Sudoku designs in the fields like genetical statistics, biostatistics, medical statistics and animal breeding experiments etc. The authors are planned to study in detail about other variants of sudoku designs and various optimality criteria in their future projects.
